We study the interaction between massive scalar fields and the gravitational field produced by a higher dimensional Schwarzschild solution in a string cloud model. Exact analytical solutions of both angular and radial parts of the Klein-Gordon equation are obtained in terms of the three-dimensional spherical harmonics and general Heun functions, respectively. From these solutions, we examine the interesting physical phenomena related to the Hawking radiation and resonant frequencies.
Introduction
The theory that combines quantum mechanics and general relativity still incomplete. Thus, many investigations have been done in order to obtain some answers that can be used to construct the so expected quantum gravity theory [1] [2] [3] [4] [5] . Among these lines of research, we are specially interested in the one that investigate the interaction between quantum fields and black hole spacetimes. In particular, when scalar fields are considered, a lot of results can be found in the literature [6] [7] [8] [9] [10] .
Among the various physical phenomena due to the presence of a black hole in a spacetime region, we are particularly interested in investigating the ones related to the black hole radiation and the quasispectrum of scalar particles. Black holes may emit a thermal spectrum due to quantum mechanical effects on their exterior event horizons [11, 12] . On the other hand, scalar fields may present a oscillating energy spectrum (quasispectrum) after the interaction with a black hole [13] [14] [15] [16] [17] .
In this work we obtain exact solutions of the Klein-Gordon equation and investigate the Hawking radiation and the resonant frequencies of massive scalar fields in a Lovelock class of black hole, namely, the five-dimensional Schwarzschild black hole in a string cloud model.
In the early 1970s, motivated by the fact that the general relativity cannot be quantized, it was proposed some modified theories of gravity, for example, the f (R) gravity [18] and the Lovelock theory [19] , among others. Here we will deal with a solution in the scenario of the higher curvature gravity theory, the so-called Lovelock gravity, which is free from ghosts and hence it is a natural extension to Einstein gravity.
The radial solution of the Klein-Gordon equation will be given in terms of the general Heun functions. These special functions of mathematical physics have gained increasingly more importance due to their large number of applications in different areas of natural science, from biology to physics [20] . Here, we will impose some boundary conditions to these functions in order to study the both Hawking radiation and resonant frequencies.
This paper is organized as follows. In Section 2, we present a Lovelock solution for a five-dimensional spherical symmetric black hole spacetime. In Section 3, we solve the Klein-Gordon equation in the background under consideration. In Section 4, we examine the Hawking radiation. Section 5, we discuss the resonant frequencies of massive scalar particles. Finally, in Section 6, we present our conclusions. action appears as a low energy limit of a heterotic superstring theory. In this approach, the higher dimensional Schwarzschild solution in a string cloud model is given by [21] 
with
where D is the spacetime dimension, M represents a spherical mass centered at the origin of the system of coordinates, and a is a constant related to the energy momentum tensor of a string cloud. The line element dΩ 2 D−2 is related to a (D − 2)-dimensional hypersurface with constant curvature k = −1, 0 or +1, which corresponds to the hyperbolic, flat or spherical spaces, respectively. Note that we adopted the natural units where G ≡ c ≡ ≡ 1.
In this work, we will focus on a five-dimensional spherically symmetric spacetime, so that
This is the line element of a three-sphere, where φ and θ run over the range 0 to π, and ϕ runs over 0 to 2π. Thus, the metric of a Lovelock black hole spacetime in five-dimensions can be written as
such that f (r) = 0 = (r − r + )(r − r − ),
where
are the exterior (+) and interior (−) event horizons. In what follows we will consider massive scalar fields propagating in this background.
Klein-Gordon equation
We want to investigate the behavior of massive scalar fields interacting with the five-dimensional Schwarzschild black hole in a string cloud model given by Eq. (5). To do this, we need to solve the Klein-Gordon equation, which is given by
where µ is the mass of the scalar particle. Thus, substituting Eq. (5) into Eq. (9), we obtain − r 2 f (r)
where L 2 φθϕ is the three-dimensional angular momentum operator, which is given by
being the well know angular momentum operator. Now, we need to establish the form of the scalar wave function Ψ. Since that the spacetime under consideration is static and spherically symmetric, the scalar wave function can be written as
where ω is the frequency (energy, because we are considering = 1). Note that the general angular solution is given in terms of the three-dimensional normalized spherical harmonic function
is the associated Legendre function in four-dimensions [22, 23] . Therefore, substituting Eq. (13) into Eq. (10), we obtain the following radial equation
where we have used the fact that
Radial solution
Let us solve the radial part of the Klein-Gordon equation in the five-dimensional Schwarzschild black hole in a string cloud model. First, we use Eq. (6) and write down Eq. (14) as
Note that this equation has singularities at r = (0, r + , r − , ∞). Then, the transformation of Eq. (15) to a Heun-type equation is achieved by setting a new radial coordinate x as
which transforms (r + , r − ) → (0, 1). In addition, the remaining singularity is transformed to
It is worth calling attention to the fact that this is an homographic substitution of the independent variable, which has the following asymptotic regimes: x → 0 ⇒ r → r + and x → ∞ ⇒ r → ∞. Therefore, it is easy to see that this transformation covers the entire spacetime region of the five-dimensional Schwarzschild black hole in a string cloud model. Thus, substituting Eq. (16) into Eq. (15), we obtain
Now, let us perform a transformation in order to reduce the powers of the terms proportional to 1/x 2 , 1/(x−1) 2 , and 1/(x − b) 2 . This transformation is a F-homotopic transformation of the dependent variable,
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where the coefficients A 1 , A 2 and A 3 are given by
In this case, the new radial function U (x) satisfies the following equation
where the coefficients A 4 and A 5 are given by
Thus, Eq. (23) is similar to the general Heun equation [24] , which is a Fuchsian type equation with four regular singularities located at x = (0, 1, b, ∞). The canonical form of the general Heun equation is written as
where U (x) = HeunG(b, q; α, β, γ, δ; x) is the general Heun function, which is simultaneously a local Frobenius solution around a singularity x = b i and a local Frobenius solution around x = b j , so that it is analytic in some domain including both these singularities. The singularity parameter b is such that b = 0, 1. The parameters α, β, γ, δ, ǫ, q and b are generally complex, arbitrary, and related by γ + δ + ǫ = α + β + 1. Therefore, the exact analytical solution of the radial part of the Klein-Gordon equation, for a massive scalar particle propagating in the five-dimensional Schwarzschild black hole spacetime in a string cloud model, is given by
where C 1 and C 2 are constants to be determined. The parameters α, β, γ, δ, ǫ and q are given by
(33) Furthermore, the parameters α 1 , β 1 , γ 1 and q 1 are given by
Next, we will use this radial solution to discuss some interesting physical phenomena, namely, the Hawking radiation and the resonant frequencies.
Hawking radiation
In this section we want to examine the Hawking radiation of massive scalar particles near to the exterior event horizon of a five-dimensional Schwarzschild black hole spacetime in a string cloud model. Mathematically, this means that we need to impose the limit r → r + to the radial solution.
In this limit, from Eq. (16), we have that x → 0. Thus, we must first know how the general Heun functions behave near the point x = 0. If γ = 0, −1, −2, . . ., the general Heun function is analytic in the disk |x| < 1, and has the following Maclaurin expansion [25] HeunG(b, q; α, β, γ, δ;
with c 0 = 1 and
Then, we can conclude that HeunG(b, q; α, β, γ, δ; x → 0) ∼ 1. Now, by imposing the limit r → r + to the radial solution given by Eq. (27) , we obtain the following asymptotic behavior
where all constants are included in C 3 and C 4 . Then, taking into account the solution of the time dependence, we can write the wave solution as Ψ = e −iωt (r − r + ) ± 1 2 (γ−1) .
From Eq. (30), for the parameter γ, we obtain
where κ + is the gravitational acceleration on the background horizon surface r + given by
Thus, on the five-dimensional Schwarzschild black hole exterior horizon surface, the ingoing and outgoing wave solutions are given by
The relative scattering probability of the scalar wave at the exterior event horizon surface is given by
Finally, by using the Damour-Ruffini-Sannan method [26, 27] , we get the resulting Hawking radiation spectrum of massive scalar particles, which is given byN
Therefore, we can see that the resulting Hawking radiation spectrum of massive scalar particles in the five-dimensional Schwarzschild black hole spacetime in a string cloud model has a thermal character, analogous to the black body spectrum, where k B T + = κ + /2π. This result shows that the Hawking radiation occurs even in high dimensions, that is, it is really a phenomenon due to the effective geometry.
Resonant frequencies
In this section we will investigate a kind of quasispectrum, the so-called resonant frequencies, which are related to the decay of the perturbation field, that is, they correspond to damped oscillations. Mathematically, this means that we need to impose a boundary condition to the radial solution, namely, it should be well behaved at asymptotic infinity [28] .
In this limit, we have that R(x) should be a polynomial. Thus, we must first know how the general Heun functions becomes a polynomial. Indeed, the function HeunG(a, q; α, β, γ, δ; x) turns to be a polynomial of degree n if it satisfies the α-condition, which is given by [24] α = −n,
where n = 0, 1, 2, . . . is a quantum number. Now, by imposing the α-condition to the radial solution given by Eq. (27), we obtain the following expression for the resonant frequencies
Note that this quasispectrum is a complex number with just the imaginary part and hence it corresponds to the decay rate of the oscillation. In addition, these eigenvalues are degenerate, because there is a dependence on the separation constant λ slm = s(s + 2). It is worth to calling attention to the fact that we have obtained the massive scalar resonant frequencies in the five-dimensional Schwarzschild black hole spacetime in a string cloud model directly from the general Heun function by using the condition which should be imposed in such a way that this function reduces to a polynomial, and that there is no similar result in the literature for this case. In Fig. 1 we see that for a fixed value of the eigenvalue s, the (imaginary part of) resonant frequencies increase with a. The same can be concluded from Fig. 3 , with a fixed value of the quantum number n.
From Fig. 2 we conclude that the (imaginary part of) resonant frequencies decrease with s for fixed values of the parameter a. The opposite occurs in Fig. 4 , with fixed values of the quantum number n.
The resonant frequencies given by Eq. (50) are also shown in Tables 1-4 as functions of a, µ, s, and n, respectively. From Table 1 we see that the (imaginary part of) resonant frequencies increase very slowly with a, for fixed values of the parameters M , µ, s, and n. In Table 2 we can conclude that the (imaginary part of) resonant frequencies increase with µ, for fixed values of the parameters M , a, s, and n.
In Table 3 , the magnitude of the resonant frequencies decreases with parameter s, for fixed values of the parameters M , a, µ, and n. Finally, from Table 4 , we conclude that the magnitude of the resonant frequencies increase very quickly with parameter n, for fixed values of the parameters M , a, µ, and s.
